The Wiedemann-Franz law links the ratio of electronic charge and heat conductivity to fundamental constants. It has been tested in numerous solids, but the extent of its relevance to the anomalous transverse transport, which represents the topological nature of the wave function, remains an open question. Here we present a study of anomalous transverse response in the noncollinear antiferromagnet Mn3Ge extended from room temperature down to sub-Kelvin temperatures and find that the anomalous Lorenz ratio remains close to the Sommerfeld value up to 100 K, but not above. The finite-temperature violation of the Wiedemann-Franz correlation is caused by a mismatch between the thermal and electrical summations of the Berry curvature, rather than the inelastic scattering as observed in ordinary metals. It reveals a 10 meV energy scale in the Berry spectrum of Mn3Ge, in agreement with the theoretical calculations. Furthermore, we verify the Bridgman relation by directly measuring the anomalous Ettingshausen and Nernst effects. Our results demonstrate a new route to violating the Wiedemann-Franz law in the topological transport. arXiv:1812.04339v1 [cond-mat.str-el] 
The Berry curvature of electrons can give rise to the anomalous Hall effect (AHE) [1, 2] . This happens if the host solid lacks time-reversal symmetry, which impedes cancellation after integration over the whole Fermi surface. Explored less frequently [3] [4] [5] , the thermoelectric and thermal counterparts of the AHE (the anomalous Nernst and anomalous Righi-Leduc effects) arise also by the same fictitious magnetic field [6, 7] . How do the magnitudes of these anomalous off-diagonal coefficients correlate with each other? Do the established correlations between the ordinary transport coefficients hold? Satisfactory answers to these questions are still missing. One obstacle is the absence of a semiclassical theory of anomalous Righi-Leduc (or thermal Hall) effect. Such a formulation is laborious even in the case of AHE [8] , because the concept of Berry connection (or the 'anomalous velocity' [9] ) is based on off-diagonal matrix elements linking adjacent Bloch functions and not wave packets of semi-classical transport theory [8] . Semiclassical accounts of how Berry curvature and thermal gradient can produce a transverse electric field (the anomalous Nernst effect) are available [6, 10] . But, there is yet none to explain how they can generate a transverse heat current.
Here, we present a study of correlations between the anomalous off-diagonal transport coefficients of a magnetic solid, with a focus on the relation between anomalous electrical, σ A ij , and thermal, κ A ij , Hall conductivities. The anomalous Lorenz ratio is defined as:
We track L A ij in order to compare it with the Sommerfeld value:
We find that over a wide temperature range (0.5 K < T < 100 K), L A ij and L 0 remain close to each other, but a deviation starts above 100 K. We argue that this observation implies a hitherto unnoticed mechanism for finitetemperature violation of the Wiedemann-Franz (WF) law and points to a small (10 meV) energy scale in the Berry spectrum of Mn 3 Ge that is absent in Mn 3 Sn. This experimental observation is backed by theoretical calculations identifying the source of the Berry curvature in this family. By directly measuring the anomalous Ettingshausen and anomalous Nernst effects, we verify the validity of the Bridgman relation connecting the two transverse thermoelectric coefficients to each other. This confirms that the Bridgman relation, a consequence of Onsager reciprocity and based on thermodynamics of irreversible processes [11] , holds regardless of microscopic details. Finally, we quantify the anomalous transverse thermoelectric response α A ij and find that the ratio α A ij /σ A ij tends to saturate towards a value close to k B /e in the high-temperature limit. Following theoretical propositions [12, 13] , a large AHE was found in Mn 3 X (X = Sn, Ge) family of non-collinear antiferromagnets [14] [15] [16] below a remarkably high Néel temperature [17] [18] [19] . These newcomers to the emerging field of antiferromagnetic spintronics [20] , present a distinct profile of the Hall resistivity in which the extraction of the anomalous Hall conductivity becomes straightforward. An anomalous theromelectric (Nernst) [21, 22] and thermal Righi-Leduc [22] counterparts of AHE were also observed in Mn 3 Sn. In the case of Mn 3 Sn the triangular order is destroyed at finite temperature [14, 21, 22] . This is not the case of Mn 3 Ge where the fate of these signals can be followed down to sub-Kelvin temperatures. The room-temperature field-dependence of the three transport properties in Mn 3 Ge is shown in Fig. 1 . Like in Mn 3 Sn, a hysteretic jump is triggered at a welldefined magnetic field, marking the nucleation of domains of opposite polarity induced by magnetic field [23] . The large jump, the small magnetic field required for inverting polarity and the weakness of the ordinary Hall response lead to step-like profiles contrasting with other topological solids exhibiting AHE [24] [25] [26] . A steplike profile of anomalous transverse response (for other varieties [27, 28] ) makes the extraction of the anomalous component straightforward. Panels of Fig. 1 show the measured Hall resistivity, Nernst signal and thermal Hall resistivity, which were used to extract electric, thermoelectric and thermal Hall conductivities. Figure 2 presents a number of basic properties of the system under study. The spin texture [14, 17, 18] is shown in Fig. 2a . This magnetic order is stabilized thanks to the combination of Heisenberg and Dzyaloshinskii-Moriya interactions [29] . As seen in Fig. 2b , which shows the magnetization, it emerges below T N = 370 K. The small residual ferromagnetism has been attributed to the residual magnetic moment of octupole clusters of Mn atoms [30] in this pseudo-Kagome lattice.
A carrier density of n = 3.1 × 10 22 cm −3 is extracted from the magnitude of the ordinary Hall number [31] in agreement with a previous report [16] . The electrical resistivity shows little variation with temperature ( Fig. 2c ). and its magnitude of 150 µΩcm implies a mean free path as short as 0.9 nm, compatible with the fact that Mn 3 X crystals are not stoichiometric [16, 18] . In our crystals, we found the Mn:Ge ratio ranges from 3.32:1 to 3.35:1 [31] . Since one tenth of Ge sites are occupied by Mn atoms, the average distance between these defects is 3 √ 10 times the average lattice parameter (a = 0.53 and c = 0.43 nm) and comparable to the short electronic mean free path.
The Seebeck coefficient ( Fig. 2d ) has a nonmonotonic temperature dependence with a peak around 60 K, and a sign change above 200 K, and a large low-temperature slope indicative of electronic correlations. The T -linear 
FIG. 3. Anomalous transverse Wiedemann-Franz law:
Temperature dependence of the anomalous Hall conductivity σ A zx (a) ; and the anomalous thermal Hall conductivity divided by temperature κ A zx /T (b); c) the anomalous Lorenz ratio κ A zx /σ A zx T . Different symbols are used for data obtained with two different set-ups: resistive thermometers (red diamonds) and thermocouples (black circles). Green symbols refer to a third set of data obtained on another sample. The horizontal solid line marks L0 = 2.44 × 10 −8 V −2 K −2 . The deviation between L and L0 starts at T > 100 K and is concomitant with the decrease in σ A zx .
electronic specific heat ( Fig. 2e ), is as large as γ = 24.3 mJ mol −1 K −2 , thirty times larger than copper and five times larger than iron [32] . Assuming a single spherical Fermi surface corresponding to the known carrier density, such a γ, implies an effective mass as large as m * = 14.5 m e , which should not be taken literally given that the system is multiband. The slope of the Seebeck coefficient at low-temperature (S/T −0.2 µVK −2 ) correlates with γ yielding q = SN Av e T γ 1, as observed in other correlated systems [35] (Fig. 2f ). On the other hand, the low temperature resistivity presents a weak upturn impeding the detection of any T -square term and the Wilson ratio (of the specific heat and magnetic susceptibility [36] ) implies that mobile electrons do not play any significant role in the magnetic response [31] .
For each temperature, we measured σ A zx and κ A zx , identified as jumps in σ zx (B) and κ zx (B). This led to the determination of L A zx at each temperature and a comparison with L 0 to check the WF law.
Our main finding is presented in Fig. 3 . Below 100 K, the anomalous Lorenz ratio, L A zx was found to be flat with a magnitude slightly larger than the Sommerfeld value, equal to it within the experimental margin. The results were reproduced by two different measuring methods (with resistive sensors and thermocouples [31] ) and in two different samples. In one of them, we checked the persistent validity of this equality down to 0.5 K. As seen also in the figure, L A zx begins a steady downward deviation from L 0 above 100 K. Interestingly, σ A zx (which is not expected to depend on temperature if the Berry spectrum remains rigid) begins a steady decrease itself above 100 K. The temperature dependence of σ A zx is similar to what was reported in previous reports [15, 16] and its zero-temperature magnitude (which depends on stoichiometry [16] ) is in agreement with was reported for a similar Mn content [16, 31] .
Several previous reports of the violation of WF law have been refuted afterwards. One may therefore wonder if our data can be validated by an independent criteria. The answer is affirmative. Their validity is supported by the verification of the Kelvin relation (for normal longitudinal transport coefficients) and the Bridgman relation (for anomalous transverse coefficients). Their violation counter the thermodynamics of irreversible processes.
To check the Bridgman relation, we directly measured both the Nernst (Fig. 4a ) and the Ettingshausen (Fig. 4b ) effects. The former is the transverse electric field generated by a longitudinal thermal gradient, S zx = Ez −∇xT and the latter is the transverse thermal gradient produced by a longitudinal charge current, A zx = ∇zT Jx . The anomalous Ettingshausen effect (Fig. 4b) is easily invertible by a small magnetic field, like other anomalous transverse responses. We measured S A zx and A zx at several different temperatures. Combined with longitudinal thermal conductivity data κ xx (T ), this allowed us to check the Bridgman relation [37] , which links these three quantities:
As seen in Fig. 4c , the two sides of the equation remain close to each other in the whole temperature range. The Bridgman relation, derivable by a thermodynamic argument [38] is based on Onsager reciprocity [11] . Its experimental validity has been confirmed in semiconductors [39] and in superconductors hosting mobile vortices [40] . The present study is the first experimental confirmation of its expected relevance to anomalous transverse coefficients. We also verified the Kelvin relation linking the Seebeck and Peltier coefficients [31] .
The temperature dependence of the anomalous transverse thermoelectric conductivity, α A zx , extracted from anomalous Nernst coefficient, is presented in Fig.4d . As expected, it vanishes in the zero-temperature limit, but is remarkably large at room temperature. This can be seen by noting that the ratio of α A zx to σ A zx is close to k B /e at room temperature. This contrasts with the ordinary longitudinal counterpart of this ratio which includes a T /T F damping factor, inversely scaling with the Fermi temperature, T F [41] .
Having discussed the thermoelectric response, let us now turn back to the thermal transport. The zerotemperature validity of the WF law implies that the transverse flow of charge and entropy caused by Berry curvature conforms to a ratio of π 2 3 k B e
. This confirms
Haldane's argument [42] that AHE is a property of the topological quasi-particles of the Fermi surface. As argued previously [22] , only the states within the thermal window of the Fermi surface can be affected by a tem- perature gradient and give rise to a finite κ A zx . However, even in the case of ordinary longitudinal transport [43] , the WF law ceases to be valid in presence of inelastic scattering. This is because small-angle inelastic collisions decay the momentum flow less efficiently than the energy flow both for electron-phonon [43] and electronelectron [44] scattering. However inelastic scattering does not play any significant role in Mn 3 X [22] . As discussed above, the resistivity of the metal under study shows little variation with temperature and is dominated by scattering from defects. Therefore, one should look for a new, and hitherto unidentified, route to the finite-temperature violation of the WF law specific to anomalous transverse response.
In the semi-classic picture of electronic transport, charge and heat conductivity are set by the mean-freepath and the Fermi radius averaged over the whole Fermi surface with a pondering factor, which is [43, 45, 46] :
This expression for the pondering factor has been obtained for both Boltzmann [43] and Landauer [45] formalisms with n = 0 for charge transport, n = 1 for thermoelectric transport and n = 2 for thermal transport. Therefore, the main source of each transport coefficient is not located at the same place in the k-space. The Berry curvature summed over the Fermi sheets with these pondering factors can potentially generate a mis- match between σ A ij and κ A ij . As the temperature raises, the summations extend over a broader interval in the kspace inversely proportional to the thermal de Broglie length of electrons (Λ = h √ 2πm * k B T ) [46] . On the other hand, because of disorder, the inverse of the mean-freepath, sets a minimum distance in k-space over which a Bloch wave is well-defined. The electrical and thermal summations of the Berry curvature depend on these two length scales as well as the fine details of the spectrum, i.e. the size of the Berry curvature sources (and sinks) as well as their relative distance to the Fermi level (See Fig. 5 ). One can see that the validity of the WF correlation becomes harder to satisfy with warming. The higher the temperature, the larger the k-space area swept by the two different pondering functions and the easier to find a mismatch between σ A ij and κ A ij if the Berry curvature changes significantly across Λ −1 . The thermal de Broglie length (Λ) and the mean free path ( e ) can be both estimated. Because of the relative heaviness of electrons, at 100 K, Λ becomes as short as 1 nm and comparable to the mean free path ( e ∼ 0.9 nm). In this context, one can conceive a mismatch between thermal and electrical summations of the Berry curvature (whose typical scale in the momentum space is an order of magnitude smaller).
The steep decrease of L A ij above 100 K in Mn 3 Ge observed here is to be contrasted with what was found in Mn 3 Sn, where it remains flat and close to L 0 [22] . This suggests the presence of a small energy scale of the order of 10 meV in Mn 3 Ge and its absence in Mn 3 Sn. According to our theoretical calculations, the band structure and the Berry curvature in the two solids present a crucial difference. As shown in Fig. 6a , the Berry curvature exhibits characteristic hot spots (indicated by a dashed circle, consistent with Refs. [20, 47] ) near the M -point of the first Brillouin zone in the k x k y plane for Mn 3 Ge, but not for Mn 3 Sn. Such hot spots are a consequence of the anti-crossing band gap induced by the spin-orbit coupling (SOC). For Mn 3 Ge, the band dispersion along the k z direction through the hot spot center displays an anti-crossing energy gap (10 ∼ 20 meV) (see Fig. 6e ). The Fermi energy crosses slightly the top of the occupied band, presenting a tiny hole pocket in the Fermi surface. Such an anti-crossing gap leads to huge positive Berry curvature below the gap, but negative curvature above. Consequently, the Berry curvature varies dramatically if the Fermi energy shifts away from zero, verifying the Berry curvature scenario discussed above (See Fig. 5 ). As temperature increases to the same order of magnitude as the anti-crossing gap, both κ zx and σ zx will drop due to the mixing of opposite Berry curvature in the Fermi-Dirac summation, consistent with our experimental observation. However, we do not observe a similar anti-crossing gap or a Berry curvature hot spot near the M -point for Mn 3 Sn in Fig. 6b . Therefore, when the Fermi surface varies for example due to the compound off-stoichiometry, σ zx is expected to change sensitively in Mn 3 Ge but not in Mn 3 Sn (see Fig. 6g-h) . This explains the fact that the anomalous Hall conductivity varies strongly in Mn 3 Ge but not in Mn 3 Sn with respect to the off-stoichiometry [15, 16, 31] . Note that these hot spots, generators of a large Berry curvature are not Weyl points. There are indeed Weyl nodes in the band dispersion of both compounds [48, 49] . However, they are not located at the same positions.
Thus, the two sister compounds, both hosting a large AHE, differ in an important detail, which is the presence of a small (10∼20 meV) gap in Mn 3 Ge and its absence in Mn 3 Sn. The agreement between theory and experiment strongly suggests that these hot spots are the source of the Berry curvature in the k-space generating the anomalous off-diagonal response.
To summarize, we measured counterparts of the anomalous Hall effect associated with the flow of entropy and found that the Wiedemann-Franz law linking the magnitude of the thermal and electrical Hall effects is valid at zero-temperature, but a finite deviation emerges above 100 K. This deviation is not caused by inelastic scattering, but arises because of a mismatch in thermal and electrical summations of Berry curvature over the Fermi surface. The Bridgman relation, which links anomalous Nernst and Ettingshausen coefficients is satisfied over the whole temperature range. Finally, we observed that the room-temperature α A zx /σ A zx ratio is close to k B /e. Supplemental Material for "Finitetemperature violation of the anomalous transverse Wiedemann-Franz law in absence of inelastic scattering" S1. SAMPLES AND STOICHIOMETRY Single crystals of Mn 3 Ge were grown from polycrystalline samples, using Bridgman-Stockbarger technique. The raw materials, Mn (99.99% purity) and Ge (99.999% purity), were weighed and mixed in an Argon glove box with a molar ratio of 3.3:1, loaded in an alumina crucible then sealed in a vacuum quartz ampule. The mixture was heated up to 1050 o C, remained for 2 hours to ensure homogeneity of melt, then was cooled slowly down to 800 o C to obtain polycrystalline samples. The polycrystalline Mn 3 Ge were ground, loaded in an alumina crucible and sealed into another vacuum quartz ampule. The growth temperature was controlled at 980 o C and 800 o C for high-temperature and low-temperature end, respectively. Finally, to obtain high temperature hexagonal phase, the quartz ampule was quenched with water. The single crystals were cut by a wire saw into typical dimensions of 0.3 × 1.5 × 2 mm 3 for transport measurements. Using energy dispersive X-ray spectroscopy (EDX), the stoichiometry was found to be Mn 3.08 Ge 0.92 (Mn:Ge = 3.32-3.35:1). This is close to the ratio of the raw materials and comparable to previous reports [16] .
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S2. MAGNITUDE OF THE ANOMALOUS HALL CONDUCTIVITY
The zero-temperature anomalous Hall conductivity found here (190 Ω −1 cm −1 ) is to be compared with previous reports of 150-450 Ω −1 cm −1 in Ref. [15] and 320-380 Ω −1 cm −1 in Ref. [16] . The difference in stoichiometry between the present sample (Mn 3.1 Ge 0.9 ) and the one studied in Ref. [16] (Mn 3.05 Ge 0.95 ) combined to the fact that the magnitude of the anomalous Hall resistivity depends on Mn content [16] , provide an explanation for this apparent discrepancy. The temperature dependent anomalous Hall conductivity in different samples cut from the same batch are similar (see Fig. S1 ).
S3. EXPERIMENTAL TECHNIQUES
Longitudinal and Hall resistivity were measured by the standard four-probe method using a current source (Keithley 6221) with a DC-Nanovoltmeter (Keithley 2182A) in a commercial measurement system (PPMS, Quantum Design). The thermal conductivity and thermal Hall effect were performed using a heater and two pairs of thermocouples in the PPMS in a high-vacuum environment [22] . For temperatures below 4.2 K, the measurements were performed in a dilution refrigerator inserted in a 14 T superconducting magnet using oneheater-three-thermometers set-up, allowing to measure longitudinal and transverse transport coefficients with the same contacts.
As seen in Fig. 1c ) in the main text, the longitudinal resistivity represents anisotropic behavior. Thus σ zx = −ρ zx /(ρ xx ρ zz ) was employed to calculate the Hall conductivity, the ρ zx refers to the Hall resistivity with the configuration of I x, B y in our cases.
S4. CARRIER DENSITY
The field dependence of Hall resistivity along two different directions, yield the same value for ∂ρ H /∂B at high magnetic field at 2 K (see Fig.S2 ). The slope was found to be R H = ∂ρ H /∂B = −0.02 µΩ cm/T. Using a single-band model (n = 1 eR H ), we found a carrier density of 3.1×10 22 cm −3 , which is comparable to Ref. [15] . A small anomalous Hall resistivity observed previously [15] in the B z configuration is also observed in our sample. Fig. S3 shows the temperature dependence of thermal conductivity along x axis, κ xx , and along z axis, κ zz as well as the anomalous transverse thermal conductivity, κ A zx . The latter was extracted using the anomalous thermal resistivity, W A zx and the longitudinal conductivities. to 1 in the whole temperature range. The Peltier coefficient Π xx and the Ettingshausen coefficient zx were obtained by symmetrizing the signals obtained by injecting positive and negative currents through the sample in order to eliminate the Joule heating effect. Fig. S5 displays the field dependence of the three transverse coefficients at different temperatures. The temperature dependence of the anomalous transverse transport coefficients presented in main text were deduced from these curves.
S5. THERMAL TRANSPORT
S8. SPECIFIC HEAT CP AND MAGNETIC SUSCEPTIBILITY χ
The Fig. S6 a) and b) show the specific heat data for Mn 3 Ge and Mn 3 Sn. As seen in the inset, the electronic contribution in Mn 3 Sn is 19.1 mJ mol −1 K −2 . From the low-temperature magnetization curve (Fig. S6c) , the magnetic susceptibility χ is deduced to be 6.2 × 10 −3 emu Oe −1 mol −1 . As seen in Fig. S7 , the magnetic susceptibility is much larger than what is expected for the Pauli susceptibility of mobile electrons according to the Wilson ratio. This implies that most of the susceptibility is due to Mn spins.
